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ABSTRACT 
By means of the Monte Carlo method, Spencer 's  work on the energy 
dissipation of electrons in a i r  is extended below 25 Kev, and the resu l t s  
a r e  applied to the diffusion of mono-energetic electrons in  the polar 
atmosphere.  The resu l t s  show significant effects of straggling, not 
only on the Lstr ibut ion of the most penetrating flux but a lso on the 
height of maximum dissipation and on the back-scattering. 
pendence of back-scattering on the angular distributions as well a s  the 
energies  of incident electrons a r e  calculated, indicating that it decreases  
rapidly below 10 Kev and that a maximum of back-scattering seems to 
occur  at energies  around 20 Kev, with values of the o rde r  of 770 and 2070 
for  ver t ical  and isotropic incidence, respectively for  intensity. C o r r e  - 
sponding energy back-scattering coefficients (albedos) a r e  approximately , ,  
The de- 
half of these values. 
i 
. 
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DIFFUSION O F  L O W  ENERGY AURORAL ELECTRONS 
IN THE ATMOSPHERE 
1. Introduction 
. 
In calculating the r a t e s  of reactions caused by au ro ra l  activit ies 
------------------ 
- - - - - - - - - - - -  
(such as the vertical  distributions of luminosity and au ro ra l  absorption 
o r  the r a t e  of dissociation of a i r  due to bombarding au ro ra l  par t ic les)  i t  
is necessary  to have fundamental information on the behavior of pr imary  
au ro ra l  par t ic les  in the upper atmosphere. 
changes of intensity (par t ic le  flux) and of energy flux, and the r a t e  of 
these changes with atmospheric depth. 
This information includes 
Actually these can be calculated easily with the required accuracy 
by using range-energy relations for  protons but not for electrons.  (Ross i ,  
1952; Maeda and Singer, 1961; Maeda, 1962,  1963 a,b). Because of the 
dominating effect of Coulomb scattering and its s ta t is t ical  nature  in 
collision processes ,  no rigorous calculations a r e  available for  these 
purposes ,  except for  an extensive computation on the energy dissipation 
of electrons done by V. L. Spencer (1959). 
Recently, M. H. Rees  (1963) made semi-empir ical  calculations on 
the luminosity distribution of aurora ,  which a r e  based on the laboratory 
data given by A. E. GrGn (1957). 
in  the case  of the ver t ical  incidence of mono-energetic electrons with 
energies  between 5 and 54 Kev, Rees had to make some ad hoc assump-  
t ions on angular distribution inorder  to extend Grun's resu l t s  to other cases .  
Since Grun's measurements  a r e  l imited 
1 
The purpose of the present  calculations is ,  therefore ,  as follows: 
(1) T o  extend Spencer 's  work below 25 Kev, because most  au ro ra l  
electrons a r e  in this energy range. 
(2) To find not only the energy dissipation r a t e s  in a i r  and the 
amount of back-scattering but also the changes of angular 
distributions and of energy spectra  with depth due to scattering 
and straggling. 
( 3 )  To apply :he resu l t s  to the diffusion of mono-energetic au ro ra l  
electrons in  the atmosphere.  
The importance of the straggling effect  on penetrating electrons has 
been mentioned in severa l  papers  concerning the. tai l  par t  of intensity 
and of the energy distribution of electrons (Spencer,  1959; GrGn, 1957; 
Perk ins ,  1962; Rees ,  1963). 
scattering and fluctuation in the energy loss  r a t e  a t  each collision. 
Therefore ,  sometimes the word ' 'straggling' '  is used for  those combined 
effects .  In this paper ,  however, the straggling effect means only the 
effect  due to fluctuations in energy loss, namely, the effect due only to 
Landau fluctuation ( 1944). 
These tailing distributions a r e  due to both 
It should be noted that Spencer 's  calculation, which is based on the 
so -called moments method, cannot take the straggling effect into account. 
At present  the only way to take these effects ,  as well  as multiple Coulomb 
scattering and continuous energy loss  , into consideration simultaneously 
is by the Monte Carlo method. 
Since the geomagnetic field is near ly  ver t ica l  and uniform in the 
polar region, the unwinding of the spiraling path of impinging electrons 
2 
< 
is equivalent to the oblique path with the incident angle equal to the 4‘  
pitch angle. 
with respec t  to the a i r ,  assuming uniform density without a magnetic 
field,  a r e  applied to the electrons diffusing into the polar upper a tmos-  
phere by using the CIRA atmospheric model (Kallmann-Bijl,  e t  a l ,  1961). 
Therefore ,  the resu l t s  of computations which a r e  performed 
- - - ~ ~  ~ - - ~  ~~ ~ 
- - - - ~  - - - - -  
~ - - ~ - ~  
- ~ - - - - -  
2. Calculations 
The Monte Carlo calculation consists essentially of two par t s ,  
namely, the basic data which contain formulas  for  scattering and energy 
lo s s  as a function of the energy of electrons in the medium ( i .ea ,  in a i r ) ,  
and the random sampling for combinations of these basic  data fo r  a 
given number of his tor ies .  
The programs for  machine calculation have been made a t  severa l  
places  for different purposes.  A review on this type of calculation is 
given by M. J. Berger  (1963). Details of the program ( F o r t r a n  for IBM 
7090) used in the present  calculation have been published by Berger  (1963). 
Similar repor t s  also have been written recently by Berger  and Seltzer 
(1964 a ,  b). 
The formulas  used for  the basic data a r e  as follows: 
(1) Energy loss.  Since the energies of e lectrons in the present  
calculation a r e  below 25 Kev, radiation lo s ses  a r e  completely neglected. 
Elec t ron  t ra jec tor ies  a r e  schematically divided into a number of shor t  
sect ions,  whose lengths a r e  chosen so that a mean energy loss  in  each 
sect ion corresponds to a cer ta in  factor (2-”16 in most  cases)  of 
3 
. 
reduction of the electron energy. 
according to the Bethe theory formulated by Rohrlich and Carlson (1954). 
The mean energy loss  is calculated 
( 2 )  Angular deflection. Fo r  the angular distribution, the multiple 
scattering theory of Goudsmit and Saunderson (1940) with Mott 's  c r o s s  
section for single scattering (Mott, 1929) is used instead of the famil iar  
Moliere 's  theory f o r  multiple Coulomb scattering (Moliere,  1948). This 
gives better accuracy for a large deflection. 
( 3 )  Straggling. The expression for  fluctuation of the energy lo s s  
f rom a continuous loss  ra te  is taken f rom the paper by Blunck and 
Leisegang (1950) instead of using the original expression by Landau 
( 1944) * 
The basic quantity to be computed is 
T(E,, cos 8, E, COS 8, x) dE * d C O S  8 .  (1) 
This is called the differential t ransmission (Berge r ,  1963). I t  r e p r e -  
sents the probability that an electron with initial energy E, a t  an incident 
angle 8, f rom the normal  direction will appear at a depth x energy with 
E at an angle 8 (between cos  8 and cos 8 t d cos 8 ) .  The depth x is 
expressed by the units of range r, , i.e., x = r / r o  where r is the thickness 
of the layer in  g / cm2  and ro is 
4 
. 
I c The Bethe formula is used for -dE/dx.  Range ro  in g cm-' and height 
Z, in  CIRA (1961) model corresponding ro  for given E, a r e  shown in 
Table 1 .  
The other quantities of interest  a r e  obtained by summing the dif- 
f e r  entia1 t r ansmis  sign as follows : 
----- 
- -  --  -- 
(1) The relative energy spectrum at x is 
1 .  
i (Eo, E, x) = T (Eo, E, cos 8,  x) d cos 8 ( 3 )  
(2)  The relative intensity i s  
i (Eo, E, x )  d E  
I O  
(3)  The relative energy flux is 
1 
EO = 1 I, d cos e E * T (Eo, E, x, cos 8) d E  (5)  
EO EO 
(4) The integrated relative angular distribution is 
j (Eo, X ,  COS 8 )  = T (Eo, E, x ,  cos 8) d COS 8 (6)  
The isotropic incident case  i s  given by integrating the initial d i s t r i -  
bution with respec t  to d cos Bo with a weight function cos 8, .  
5 
Normalization of the above quantities corresponds to using 10,000 
incident electrons in the calculations; i.e. , 
EO 
Ei 
I 0 = I  i(E,, E, 0) dE = lo4, and 
Ec is taken as loe3. E, for all cases .  
3 .  Results 
Except for  the angular dependence of back-scattering, the following 
resu l t s  a re  based on the analysis of 2,000 Monte Carlo his tor ies ,  with 
two cases  of incident angular distribution (i.e., vertical  and isotropic 
distribution), for  initial energies  of 20, 10 ,  5, and 2.5 Kev. 
effect  of straggling, a l l  calculations a r e  done in two ways-one includes 
straggling and the other does not. 
To show the 
3.1 Relative intensity, I (x) / Io  
The relative intensity is shown in Fig. 1 (a-b) for E, = 20 and 2.5 
Kev against depthx . 
straggling and without straggling, respectively. It should be noted that 
longer tails of intensity distribution due to straggling effects have been 
shown by several  laboratory experiments (Grun, 1957, Frank ,  1959) f o r  
vertical  incidence. 
Ful l  and dashed l ines stand for the cases  with 
3.2 Energy flux E(x)/E, 
Corresponding to F ig .  1 (a-b) ,  the energy flux is shown in Fig. 2 (a-b) 
fo r  E, = 20 and 2.5 Kev against x .  
c a ses  with straggling and without straggling, respectively.  
Full  and dashed l ines  stand fo r  the 
6 
, 1 dE 3.3 Relative Energy Dissipation - - 
E ,  dx 
4 i  
By differentiating the energy flux curve with respec t  to depth x , 
relative energy dissipation can be obtained as shown in Fig. 3 (a-b).  
F r o m  this  we can see that the fo rm of the energy dissipation curve 
__- ~ - ~ -changes with energy below 20 Kev. Therefore,  the conventional as- 
- - - - ~ -  - - - - - - - - - - - - -  
-------------- 
sumption of relative dissipation curves independent of energies  is in- 
c o r r e c t  below 25 Kev. 
3.4 Angular dependence of back-scattering 
The ratio of back-scattered intensity (or  energy flux) to incident 
intensity (or  incident energy flux) , is called the back-scattering coef - 
ficient o r  back diffusion coefficient (Frank,  1959; Wu, 1960). Experi-  
mentally, it is known that this coefficient is quite la rge  for  large Z 
ma te r i a l  (approximately 50% f o r  P by Z = 82) but it is regarded a s  neg- 
lible for  a low 2 material such a s  air. However, f rom satell i te observa-  
tions (O'Brien,  1962, for example),  this does not s e e m  a s  small a s  shown 
by laboratory experiments (Grun, 1957, Frank ,  1959). Since laboratory 
data are limited to ver t ical  (or  normal) incidence only, it s eems  nec- 
e s s a r y  to show the dependence of back-scattering on the incident angle, 
helpful in studying the so-called conjugation phenomena. Fig. 4 (a-b) 
shows angular dependence of the back-scattering coefficient for E, = 
20 and 2.5 Kev w-ith respec t  to intensity (par t ic le  flux) and energy flux. 
The horizontal l ines in each f igure correspond to isotropic incidence. 
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3.5 Energy dependence of back-scattering 
The resul ts  of Fig. 4 a r e  replotted against energies  in Fig. 5 (a ,  
and b) for ver t ical  incidence and isotropic incidence, respectively. It 
is well known that those coefficients decrease  a t  high energies  (Wu, 
1960; Frank, 1959). 
cluded that the back-scattering of e lectrons has a maximum a t  an energy 
around 20 Kev, of the o rde r  of 7% for ver t ical  incidence and m o r e  than 
2070 for isotropic incidence and that corresponding energy back-scattering 
is 470 and 1470 for  ver t ical  and isotropic incidence, respectively. 
Therefore ,  f rom the present  resu l t s  it can be con- 
It is interesting to see that the effect of straggling is reversed  
around 10 Kev for  the isotropic incidence. At any r a t e ,  a decrease  of 
back-scattering a t  low energies can be explained a s  follows: because of 
the spread in energy distribution after s eve ra l  collisions the amount of 
low energy electrons increases  and these low energy electrons a r e  un- 
able to leave the air even though they a r e  back scattered. On the other 
hand, a decrease of back-scattering at a high energy is simply due to 
the fact  that the t ransformed distribution in the laboratory sys tem is 
concentrated forward, even though scat ter ing distributions in the center  
of m a s s  system of colliding par t ic les  a r e  regarded  a s  isotropic.  
3.6 Application for aurora l  electrons 
Fig. 6 ( a ,  b) shows the intensity and energy flux distribution of mono- 
energetic 20 Kev electrons in the a tmosphere  (CIRA, 1961) for  ver t ical  
and isotropic distribution, respectively. 
Fig. 7 (a ,  b) shows s imilar  curves  f o r  2.5 Kev electrons.  
a 
44 
It is seen that the effect  of straggling is negligible and even r e -  
versed  below 5 Kev, whereas  above 20 Kev the distribution of penetrating 
electrons due to straggling is significantly increased and near ly  1% ex- 
ceed the range given by a continuous energy loss  formula.  Differentiat- 
- 
~-~ ~ - ing thesepcurves  with respec t  to altitude Z, gives the ver t ical  distribution 
- - p p - ~ ~ ~ ~ ~ p - - - - ~ - ~ - - - - - - - p - - - ~ - - -  ~ ~ - - ~  
~~- ~~ 
of energy dissipation of au ro ra l  electrons. 
for  20 Kev electrons. 
It should be noted that not only the most penetrating depth but a lso the 
height of maximum dissipation shifts to a lower altitude, i.e., to a 
deeper atmosphere.  
Fig. 8 shows one example 
Here again the effect of straggling is significant. 
Changes of angular distributions with altitude a r e  shown in Fig. 9 ( a ,  b) 
for  mono-energetic 20 Kev electrons where relative intensit ies normalized 
to the initial intensity a r e  plotted against the cosines of angles f r o m  nor-  
mal directions. 
energies  a s  far a s  they a r e  expressed with respec t  to x. It should be 
noted that angular distributions rapidly approach perfect diffusion with 
cosine square distribution, ra ther  than Gaussian distribution, around half 
of the penetrating depth (Wu, 1960) f o r  both cases  of incidence distribution 
(ver t ica l  and isotropic). F o r  a comparison cosine square curve is drawn 
in both cases .  Fig. 10 ( a ,  b) shows the plotting of a figure s imilar  to Fig. 9 
with the angle f r o m  the normal  direction a s  a parameter .  It should be 
noted that there  is a maximum height (i.e., depth) in the intensity for 
oblique direction in the case  of normal incidence, while intensity in the 
ver t ica l  direction decreases  monotonically in both cases .  
The change of angular distribution is  similar for  different 
9 
Finally, F i g .  11 shows the change of the energy spectrum of mono- 
energetic 20 Kev electrons with altitude. Ful l  and dashed l ines c o r -  
respond to vertical  and isotropic incidence, respectively. In the bottom, 
energies correspond to continuous energy loss ,  i.e. 
It i s  interesting to note that the energies  corresponding to the maximum 
intensities a t  each altitude (o r  depth) a r e  considerably higher than Em. 
4. Conclusion 
F rom the resu l t s  of the present  calculations we can draw the fol-  
lowing conclusions. 
(1) A s  seen f rom Fig. 1, 2 ,  and 11, the values for the intensit ies 
and energy fluxes of e lectrons,  based on conventionally used range-  
energy relations, a r e  significantly underestimated. 
(2) Because of the straggling effect ,  not only the depth of the tail 
of the penetrating electrons (Figs .  6 and 7), but a lso the depth of maxi- 
mum intensity, shifts  toward a deeper a tmosphere,  i.e., a lower altitude 
fo r  a given energy of incident electrons.  
( 3 )  The back-scattering coefficient dec reases  rapidly below 10 Kev 
Since this coefficient a lso dec reases  at high energ ies ,  we can  (Fig.  5). 
10 
c conclude that back-scattering is l a r g e s t  around 20 Kev (between 10 and 
25 Kevf;) which is the order  of 7y0, and 2070 for ver t ical  and isotropic 
incidence, respectively for intensity, near ly  half of these values for 
energy flux. 
E,  Kev 
20 
10 
5 
2.5 
TAie FORTRAN programs a r e  prepared by M. J. Berger  and S .  M. 
Seltzer in the National Bureau of Standards under contract  R-80 be- 
tween NASA and the National Bureau of Standards. A more  detailed 
r epor t  including the discussion of energies above 25 Kev will be published 
la te r  as a NASA Technical Note. 
r, g cm-* Z ,  K m  
9.824 * 93.24 
2.909 100.18 
8.79 - 1 0 - ~  107.13 
118.02 2.76 1 0 - ~  
Table I 
::The value at 25 Kev is slightly l e s s  than that at 20 Kev. 
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C APT10 N S 
Figure  1 -Relative intensit ies of penetrating the mono-energetic e lectrons 
in air I(x)/I, 
is the practical  range of electrons in g / c m 2 ,  corresponding to the initial 
energy E,, as shown in Table I 
vs. depth of air x ,  where x =. r/ro with r in g / c m 2  and r, 
(a) E, = 20 Kev, (b) E, = 2.5 Kev 
The full and dashed l ines stand for  the calculations with straggling and 
without straggling, respectively. Thick l ines and thin l ines correspond 
to isotropic incidence and ver t ical  incidence respectively. 
F igure  2-Relative energy fluxes of mono-energetic electrons E(x)/E, VS. 
the depth of air x, corresponding to the different initial energies  shown 
in Figure 1. All notations are the same as in Figure 1. 
Figure 3-Relative energy dissipation curves  of mono-energetic electrons 
(AE/E,) / (Ar/ro)  vs. depth of air x ,  corresponding to different initial 
energies  shown in F igures  1 and 2. All notations a r e  the same a s  those 
used in Figures 1 and 2. 
Figure 4-Back-scattering vs. incident (o r  incident pitch) angle of a 
mono-energetic electron beam. Ful l  and dashed l ines stand for  the 
calculations with straggling and without straggling, respectively. Thick 
l ines and thin l ines correspond to par t ic le  flux (intensity) and energy flux, 
respectively. 
Figure 5-Back-scattering coefficients vs.  of incident energy. 
f igures  ( a  and b) correspond to two c a s e s  f o r  incident angles of mono- 
energetic electrons,  i.e., (a )  ver t ical  incidence, (b) isotropic incidence. 
The two 
14 
.I Figure 6-Relative intensity (par t ic le  flux) and relative energy flux of 
electrons with an initial energy of 20 Kev vs. altitude (in km) in the 
CIRA (1961) model atmosphere. 
to the maximum penetration depth corresponding to pract ical  range 
for the initial energy of electron E, = 20 Kev. 
correspond to calculations with straggling and without straggling, while 
~- thick l ines and thin l ines stand fo r  intensity and eyrgy-flux, respec t ive ly ,  
I The height indicated by 2, corresponds 
Ful l  and dashed l ines 
(a) ver t ical  incidence, (b) isotropic incidence. ----- I .  
Figure 7-Intensity and energy flux distribution of mono-energetic 2.5 
Kev electrons. All notations a r e  the same as in Figure 6. 
Figure 8-Energy dissipation curves f o r  electrons with initial energy 
E, = 20 Kev in the atmosphere,  CIRA (1961) model. 
Figure 9 (a ,  b) -Angular distribution (relative intensity/ steradian) electrons 
with initial energy E, = 20 Kev. 
atmospheric depth r / ro  where r, = 9.824 X 
cidence, (b) isotropic incidence. 
The symbol x indicates nondimensional 
g / cm2 .  (A) vert ical  in- 
Figure 10 ( a ,  b)-Plots s imilar  to  Figure 9 for relative intensity against 
nondimensional depth x for different zenith (o r  pitch) angles 8 .  (a )  ver -  
t i ca l  incidence, (b) isotropic incidence. 
F igure  11 -Differential energy spectrum of initially mono-energetic 
e lectrons,  E, = 20 Kev, in the atmosphere. Altitudes shown in parenthesis 
a r e  the altitudes in CIRA (1961) atmosphere, corresponding to non- 
dimensional depth x. 
E, shown in the bottom corresponds to the energy given by the conven- 
t ional energy-range relatior; i.e., 
E m  = E, - I,' dx' E dx' 
15 
wheredE/dx'is given by the Bethe formula as a function of energy. b 
Full lines and dashed l ines stand f o r  the ver t ical  and isotropic d is t r i -  
butions of incident e lectrons,  respectively. 
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